Given two distributions of finite order, we study regularity of their product in the sense of Hörmander (as a wave front favorable product). We prove that if f ∈ D ′p (Ω), g ∈ D ′q (Ω), and the product f · g exists, then f · g ∈ D ′p+q (Ω).
In [3] the authors define functions of local order p as elements of D ′ whose localized Fourier transforms in cones are weighted L p -integrable. This allows them to define a product of such functions generalizing Hörmander's product of distributions (the wave front favorable product). They determine precisely the regularity of this product in terms of the local order. This is a development of results obtained by W. Ambrosse [5] . In contrast to [3] , we here study regularity of the distribution product in terms of the order of distribution introduced by Hörmander [4] .
Let Ω be a domain in R n .
(Ω) for some p, q ∈ N 0 , and the product f · g exists in the sense of Hörmander (as a WF favorable product). Then f ·g ∈ D ′p+q (Ω). Proof. Using the Lojasiewicz definition of a section of distributions, for all ψ ∈ D(Ω) we have
(see [1] , 7.12(f)).
for all strict delta nets {ϕ ǫ } ǫ>0 and χ(x − y) is any element of D(Ω × Ω) identically equal to one in a neighborhood of {(x, y)|x = y}. Observe that (1) does not depend on the choice of χ, because the difference of any two choices of χ is zero in a neighborhood of {(x, y)|x = y}.
Observe that for each y ∈ Ω the product f (x)[δ(x − y)] exists. Furthermore, it is a smooth function in y. Rewrite the right hand side of (1) as
Set
We first show that
where ϕ, ψ ∈ D(Ω) and C 1 depends only on supp(ϕ(x)ψ(x)). It remains to note that the set of functions ϕ(x)ψ(y), where
Using the fact that u β (x, y) is C ∞ in y, we now obtain another seminorm estimate for u β (x, y). Set
We have
where
This means that any seminorm estimate for F ϕ,β (y) (this estimate is uniform with respect to y ∈ K 2 ) defines the upper bound for the order of u β (x, y).
From the fact that the set {F y (x), y ∈ K 2 } is weakly bounded we conclude (see [2] , 1.4) that for some C 3 > 0 and m ∈ N 0 and for all y ∈ K 2
Let us fix m to be the minimum nonnegative integer satisfying the latter inequality.
From (4) and (5) we have
This means that u β (x, y) ∈ D ′m (K 1 ×K 2 ). Our goal is to prove that (6) is actually true for m = p + |β| (uniformly for all K 1 and K 2 ). For this it is sufficient to prove that the value of m specified above is the order of u onK 1 ×K 2 , i.e., u ∈ D ′m−1 (
. Assume, to the contrary, that u ∈ D ′m−1 (K 1 ×K 2 ). Note that in (4) the value ofỹ depends on ϕ and ψ, and that for all y ∈ K 2 the value of F ϕ,β (y) does not depend on ψ. On the account of (4), there is C 4 > 0 such that ϕ ∈ C ∞ 0 (K 1 ) and Ψ ∈ C ∞ 0 (K 2 ) we have the inequality
Let us prove that then the inequality (7) is true withỹ replaced by y (uniformly on y ∈ K 2 ), contradicting the fact that m is the minimum value of N 0 satisfying (5) and thereby implying that u ∈ D ′m−1 (K 1 ×K 2 ). Fix an arbitrary point y 0 ∈ K 2 and choose a sequence Ψ k ∈ C ∞ 0 (K 2 ) such that supp Ψ k ⊂ B ε k (y 0 ) with ε k → 0 as k → ∞. Here B ε (y) denotes the ball of radius ε with center at y. Consider (4) with some ϕ ∈ C ∞ 0 (K 1 ) and with Ψ replaced by Ψ k . We have
Since of F ϕ,β (ỹ k ) for each k ≥ 1 satisfies the estimate (7), this estimate is true for F ϕ,β (y 0 ) as well. Since y 0 is an arbitrary point of K 2 , we are done. We conclude that the minimum value of m satisfying (5) for all compact sets K 1 × K 2 ⊂ Ω × Ω is the order of u β (x, y) on Ω × Ω. Using in addition the fact that u β (x, y) ∈ D ′p+|β| (Ω × Ω), we see that (6) (and hence (5)) is actually true for m = p + |β|. On the account of (5) and (2), we immediately arrive at the following conclusion: for each compact set K ⊂ Ω there exists C > 0 such that
The theorem is proved.
